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Abstract. We present standard model predictions for the four-fermion reaction e+e− → µ+µ−b̄b being one
of the best detection channels of a low-mass Higgs boson produced through the Higgsstrahlung mechanism
at a linear collider. We include leading virtual and real QED corrections due to initial state radiation
and a modification of the Higgs–bb̄ Yukawa coupling, caused by the running of the b-quark mass, for
e+e− → µ+µ−b̄b. The complete O(α) electroweak corrections to Z–Higgs production and to the Z-boson
decay width, as well as the remaining QCD and EW corrections to the Higgs decay width, as can be
calculated with the program HDECAY, are taken into account in the double-pole approximation.

1 Introduction

Although the Higgs boson has not yet been discovered, its
mass mH can be constrained in the framework of the stan-
dard model (SM) by the virtual effects it has on precision
electroweak (EW) observables. Recent global fits to all pre-
cision EW data [1] give a central value of mH = 114+56

−40 GeV
and an upper limit of 241 GeV, both at 95% confidence
level (CL), in agreement with combined results on the di-
rect searches for the Higgs boson at LEP that led to a
lower limit of 114.4 GeV at 95% CL [2]. These constraints
indicate the mass range where the SM Higgs boson should
be sought. If the Higgs boson exists, it is most probably
that it will be discovered at the Large Hadron Collider
(LHC), but its properties can be best investigated in a
clean experimental environment of e+e− collisions at a
future International Linear Collider (ILC) [3].

The main mechanisms for SM Higgs boson production
at the ILC are the Higgsstrahlung reaction

e+e− → ZH , (1)

the WW fusion

e+e− → νeν̄eW
∗W ∗ → νeν̄eH , (2)
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Fig. 1a–c. Feynman diagrams of reactions (1), (2) and (3), re-
spectively

and the ZZ fusion process

e+e− → e+e−Z∗Z∗ → e+e−H . (3)

The Feynman diagrams of reactions (1), (2), and (3) are
depicted in Fig. 1a, 1b, and 1c, respectively.

The cross section of reaction (1) decreases according
to the 1/s scaling law, while that of reaction (2) grows
as ln(s/m2

H). Hence, while the Higgsstrahlung dominates
Higgs-boson production at low energies, the WW fusion
process overtakes it at higher energies. The Higgs-boson
production rate through the ZZ fusion mechanism (3) is
an order of magnitude smaller than that of process (2).
The production of the SM Higgs boson in the interme-
diate mass range at high-energy e+e− colliders through
reaction (1) has already been thoroughly studied in the
literature [4]. In the present paper, we contribute further
to the theoretical analysis of the Higgsstrahlung reaction
by taking into account decays of the Z and Higgs bosons,
including the EW radiative effects that are most relevant
to the production and decay subprocesses. Preliminary re-
sults of the present study have already been presented in
a conference paper [5].

If the Higgs boson has a mass in the lower part of the
range indicated above, say mH < 140 GeV, it would decay
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Fig. 2. Examples of the Feynman dia-
grams of reaction (4): a the double res-
onance signal, b and c background di-
agrams

dominantly into a b̄b quark pair. As the Z boson of reaction
(1) decays into a fermion–antifermion pair too, one actually
observes the Higgsstrahlung through reactions with four
fermions in the final state. To be more specific, in the
following we will concentrate on a four-fermion channel

e+(p1) + e−(p2) → µ+(p3) + µ−(p4)

+ b̄(p5) + b(p6) , (4)

which is one of the most relevant for detection of (1) at
the ILC, and the corresponding bremsstrahlung reaction

e+(p1) + e−(p2) → µ+(p3) + µ−(p4)

+ b̄(p5) + b(p6) + γ(p7) . (5)

In both (4) and (5), the particle four-momenta have been
indicated in parentheses. While the final states of reactions
(4) and (5) are practically undetectable in hadronic colli-
sions because of the overwhelming QCD background, at the
ILC, they should leave a particularly clear signature in a de-
tector. To the lowest order of the SM, in the unitary gauge
and neglecting the Higgs-boson coupling to the electron,
reactions (4) and (5) receive contributions from 34 and 236
Feynman diagrams, respectively. Typical examples of Feyn-
man diagrams of reaction (4) are depicted in Fig. 2. The
Higgsstrahlung signal diagram is shown in Fig. 1a, while
the diagrams in Figs. 1b and 1c represent typical back-
ground diagrams. The Feynman diagrams of reaction (5)
are obtained from those of reaction (4) by attaching an ex-
ternal photon line to each electrically charged particle line.
Reactions (4) and (5) are typical examples of the neutral-
current four-fermion reactions and the corresponding hard
bremsstrahlung reactions which have already been stud-
ied for LEP2 and TESLA TDR [3] in the case of massless
fermions [6,7] and without neglecting fermion masses [8,9].
Reaction (4) was in particular studied in [10]. It was also
considered, among other four-fermion reactions relevant
for Higgs-boson production and decay, in a study of the
searches for the Higgs boson at LEP2 performed in [11],
where references to other works dedicated to the subject
can also be found.

To match the precision of data from a high-luminosity
linear collider, expected to be better than 1%, it is necessary
to include radiative corrections in the SM predictions for
reaction (4). Calculation of the complete electroweak (EW)
O(α) corrections to a four-fermion reaction like (4) is a chal-
lenging task. Problems encountered in the first attempt at
such a complete calculation were described in [12]. Sub-
stantial progress in a full one-loop calculation for e+e− →
ud̄µ−ν̄µ was reported by the GRACE/1-LOOP team [13]

and recently results of the first calculation of the com-
plete EW O(α) corrections to charged-current e+e− →four
fermion processes have been presented [14]. Another step
towards obtaining high-precision predictions for Higgs-
boson production, accomplished in [15], was calculations of
EW corrections to e+e− → νν̄H, a process related to (4).
At the moment, however, there is no complete calculation
of the corrections to neutral-current e+e− →four fermion
processes available that could be included in a Monte Carlo
(MC) generator. Therefore it seems natural to include the
leading QED corrections and to apply the double-pole ap-
proximation (DPA) for the EW O(α) corrections, as has
been done before in [16] in the case of W -pair production
at LEP2. This means that we will include the so-called fac-
torizable EW corrections to ZH production (1) and to the
subprocesses of the Z and Higgs decay, which are available
in the literature.

To the lowest order of the SM, the cross sections of
reactions (4) and (5) can be computed with a program
ee4fg [17]. On the basis of ee4fg, we have written a dedi-
cated program eezh4f that includes the following radiative
corrections to (4):

– the virtual and real soft-photon QED corrections to the
on-shell ZH production (1), a universal part of which
is utilized for all Feynman diagrams of reaction (4) and
combined with the initial-state hard-bremsstrahlung
correction of (5), which we refer to as the initial-state
radiation (ISR) quantum electrodynamics (QED) cor-
rection;

– the weak corrections to Z–Higgs production [18, 19],
that is, the infrared (IR) finite part of the complete O(α)
EW correction to (1) and full EW corrections, including
hard photon emission, to the Z decay width [20,21] in
the DPA;

– the correction to the Higgs-boson decay width, as can
be computed with HDECAY [22].

The correction to the partial Higgs-boson decay width
ΓH→bb̄ is split into two parts: one part is the tree-level
partial width Γ

(0)
H→bb̄

parameterized in terms of the run-
ning b-quark mass and the other part is the correction
term that contains the remaining QCD corrections and
the bulk of the EW corrections, as described in [22]. The
first part is included in the calculation of reactions (4) and
(5) through the corresponding modification of the H → bb̄
Yukawa coupling, while the second part is taken into ac-
count in the DPA.

The non-factorizable corrections to (4) have not yet
been included in eezh4f. However, a comparison with the
related process of ZZ production and decay, where the
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non-factorizable corrections largely cancel each other in
the total cross section [23, 24], may suggest that they are
also numerically suppressed for the ZH-mediated four-
fermion final states if one integrates over decay angles,
and that they should be included in the program if one
wants to study differential cross sections, or if one wants
to improve the predictions for invariant-mass distributions
and similar quantities.

2 Calculation scheme

The corrections listed in the introduction are taken into
account in the radiatively corrected total cross section of
(4) according to the master formula∫

dσ =
∫

dσBorn+r.m. +
∫

Eγ<Ecut

dσQED ISR
virt + soft, univ.

+
∫

Eγ>Ecut

dσQED ISR
hard +

∫
dσEW DPA

virt, finite . (6)

By dσBorn+r.m. we denote the effective Born approximation

dσBorn+r.m. (7)

=
1
2s

{∣∣∣M4f
Born

∣∣∣2 + 2 Re
(
M4f ∗

Born δM4f
r.m.

)}
dΦ4f ,

where M4f
Born is the matrix element of reaction (4) obtained

with the complete set of lowest-order Feynman diagrams,
δM4f

r.m. is the correction to the amplitude of the signal
diagram of Fig. 2a due to the modification δgr.m.

Hbb̄
of the

lowest-order Higgs–bb̄ Yukawa coupling gHbb̄ caused by the
running of the b-quark mass, dΦ4f is the Lorentz-invariant
four-particle phase-space element and 4f is a shorthand
notation for the final state of reaction (4). The correction
δM4f

r.m. can be written

δM4f
r.m. = v̄ (p1)

(
A

(0)
1 γµ + A

(0)
2 γµγ5

)
u (p2)

×−gµν + pµ
34p

ν
34/M

2
Z

DZ(p34)DH(p56)
ū (p4) (a1γν + a2γνγ5)

×v (p3) δgr.m.
Hbb̄ ū(p6)v(p5) , (8)

where A
(0)
1 and A

(0)
2 are the lowest-order invariant am-

plitudes of the on-shell Higgsstrahlung reaction (1) [18]
which read

A
(0)
i =

g
(0)
HZZ

s − M2
Z

a
(0)
i , i = 1, 2 , (9)

and DZ(p34) and DH(p56) are denominators of the Z and
Higgs-boson propagators

DZ(p34) = (p3 + p4)2 − M2
Z ,

DH(p56) = (p5 + p6)2 − M2
H ,

(10)

with the complex mass parameters

M2
Z = m2

Z − imZΓZ , M2
H = m2

H − imHΓH . (11)

The fixed total widths ΓZ and ΓH of the Z and Higgs bosons
have been introduced to avoid singularities in the resonant
regions of the corresponding propagators. We have also
used the complex mass substitution in (9), although the
propagator factor of (9) can never become resonant, as
we want to keep open the possibility of performing calcu-
lations in the complex mass scheme [7], which preserves
Ward identities.

To the lowest order of the SM, the vector and axial-
vector couplings of the Z boson to leptons, a

(0)
1 , a

(0)
2 , the

Higgs-boson coupling to Z, g
(0)
HZZ of (9) and the Higgs–bb̄

Yukawa coupling, g
(0)
Hbb, are given by

a
(0)
1 =

4s2
W − 1

4sW cW
eW , a

(0)
2 =

eW

4sW cW
,

g
(0)
HZZ =

eW mZ

sW cW
, g

(0)
Hbb = − eW mb

2sW mW
,

(12)

with the effective electric charge eW = (4παW )1/2 and
electroweak mixing angle θW defined by

αW =
√

2Gµm2
W s2

W /π and s2
W = 1 − m2

W /m2
Z , (13)

where mW and mZ are the physical masses of the W and Z
boson, respectively. This choice, which is exactly equivalent
to the Gµ-scheme of [18], is referred to as a fixed width
scheme (FWS) in the program. We have introduced the
usual shorthand notation sW = sin θW and cW = cos θW

in (12) and (13).
The total widths of (11) are calculated numerically in

the framework of the SM: ΓZ is computed with a pro-
gram based on [21] and ΓH is obtained with a program
HDECAY [22], where both programs include radiative cor-
rections. In order not to violate unitarity it is important
that we include exactly the same corrections in the ampli-
tudes of the partial decay widths ΓZ→µ+µ− and ΓH→bb̄.

The program HDECAY includes the full massive next-to-
leading-order (NLO) QCD corrections close to the thresh-
olds and the massless O(α3

s) corrections far above the
thresholds. Both regions are related with a simple linear
interpolation equation which, for the partial Higgs decay
width ΓH→bb̄, reads

ΓH→bb̄ =
(
1 − r2)ΓH→bb̄

(
mb(mH)

)
+ r2ΓH→bb̄ (mb) ,

with r =
2mb

mH
, (14)

where large logarithms are resummed in the running b-
quark mass in the MS renormalization scheme mb(mH).

By inserting the representations

ΓH→bb̄

(
mb(mH)

)
= Γ

(0)
H→bb̄

(
mb(mH)

)
+∆ΓH→bb̄

(
mb(mH)

)
, (15)

ΓH→bb̄ (mb) = Γ
(0)
H→bb̄

(mb) + ∆ΓH→bb̄ (mb) ,(16)
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with the lowest-order partial width into the bb̄-quark-pair
given by

Γ
(0)
H→bb̄

(mb) = 3
g
(0)
Hbb̄

2

8π
mH

(
1 − 4m2

b

m2
H

) 3
2

, (17)

into (14), we obtain the representation

ΓH→bb̄ = Γ r.m.
H→bb̄ + ∆ΓH→bb̄ (18)

for ΓH→bb̄. The first term on the right-hand side of (18)

Γ r.m.
H→bb̄ =

(
1 − r2)Γ

(0)
H→bb̄

(
mb(mH)

)
+r2Γ

(0)
H→bb̄

(mb) (19)

contains the correction due to the running of the b-quark
mass, while the second term, ∆ΓH→bb̄, incorporates the
remaining QCD corrections and EW corrections that are
taken into account in HDECAY.

Now, if we write the radiatively corrected Higgs–bb̄
Yukawa coupling in the form

gHbb̄ = g
(0)
Hbb̄

+ δgr.m.
Hbb̄ + δgHbb̄ (20)

and the corrected partial Higgs decay width as

ΓH→bb̄ = Γ
(0)
H→bb̄

(mb)

×
[

1 + 2 Re

(
δgr.m.

Hbb̄
+ δgHbb̄

g
(0)
Hbb̄

)]
, (21)

then we will obtain the following expressions for the radia-
tive corrections δgr.m.

Hbb̄
and δgHbb̄, assuming that they real,

δgr.m.
Hbb̄ =

Γ r.m.
H→bb̄

− Γ
(0)
H→bb̄

(mb)

2Γ
(0)
H→bb̄

(mb)
g
(0)
Hbb̄

,

δgHbb̄ =
ΓH→bb̄ − Γ r.m.

H→bb̄

2Γ
(0)
H→bb̄

(mb)
g
(0)
Hbb̄

.

(22)

We see that taking into account the correction δgr.m.
Hbb̄

in (7)
is actually equivalent to replacing mb in the lowest-order
Higgs–bb̄ Yukawa coupling of (12) by some effective value
of the b-quark mass. The same modification of the Higgs–bb̄
Yukawa coupling is done in the soft and hard bremsstrah-
lung corrections represented by the second and third terms
on the right-hand side of (6), respectively.

After having arranged the radiative corrections in the
manner just described, the soft bremsstrahlung contribu-
tion of (6) can be written as

dσQED ISR
virt + soft, univ. = dσBorn+r.m.C

QED ISR
virt + soft, univ. , (23)

where the correction factor CQED ISR
virt + soft, univ.,

CQED ISR
virt+ soft, univ. =

e2

2π2 (24)

×
[(

ln
s

m2
e

− 1
)

ln
2Ecut√

s
+

3
4

ln
s

m2
e

]
,

combines the universal IR singular part of the O(α) virtual
QED correction to the on-shell ZH production process (1)
with the soft bremsstrahlung correction to (4), integrated
up to the soft-photon energy cut Ecut. In (23), e is the
electric charge that is given in terms of the fine-structure
constant in the Thomson limit α0, e = (4πα0)1/2.

The third term on the right-hand side of (6) represents
the initial-state real hard-photon correction to reaction
(4), i.e. the lowest-order cross section of reaction (5) with
the photon energy cut Eγ > Ecut, which is calculated
taking into account the photon emission from the initial-
state particles. It has been checked numerically that the
dependence on Ecut cancels in the sum of the second and
third term on the right-hand side of (6), provided that the
real photon coupling to the initial-state fermions is also
parameterized in terms of α0.

Finally, the last integrand on the right-hand side of (6),
dσEW, DPA

virt, finite, is the IR finite part of the virtual EW O(α)
correction to reaction (4) in the DPA. It can be written in
the following way

dσEW, DPA
virt, finite =

1
2s

(25)

×
{∣∣∣M (0)

DPA

∣∣∣2 Cnon-univ.
QED + 2 Re

(
M

(0)∗

DPAδMDPA

)}
dΦ4f ,

where the lowest-order matrix element M
(0)
DPA and the one-

loop correction δMDPA in the DPA, which are given be-
low, are calculated with the projected four-momenta ki,
i = 3, . . . , 6, of the final-state particles, except for the de-
nominators of the Z and Higgs-boson propagators. The pro-
jected four-momenta are obtained from the four-momenta
pi, i = 3, . . . , 6, of reaction (4) with a, to some extent ar-
bitrary, projection procedure which will be defined later;
Cnon-univ.

QED denotes the IR finite non-universal constant part
of the O(α) QED correction that has not been taken into
account in (24). It reads

CQED ISR
non-univ. =

e2

2π2

(
π2

6
− 1
)

. (26)

The matrix elements M
(0)
DPA and δMDPA for the Z and

Higgs-boson production and decay of (25) are given by

M
(0)
DPA

= −v̄ (p1)
(
A

(0)
1 γµ + A

(0)
2 γµγ5

)
u (p2)

× 1
DZ(p34)DH(p56)

Nµ
ZNH , (27)

δMDPA

= −
{

v̄ (p1)
[
δA1γµ + δA2γµγ5 + (A31p1µ + A32p2µ) /kZ

+ (A41p1µ + A42p2µ) /kZγ5

]
u (p2) Nµ

ZNH
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+ v̄ (p1)
(
A

(0)
1 γµ + A

(0)
2 γµγ5

)
u(p2) (28)

×
(

δNµ
Z NH + Nµ

Z δNH

)}
1

DZ(p34)DH(p56)
,

with the denominators of the Z and Higgs-boson propa-
gators defined by (10) and the amplitudes of the decay
subprocesses given by

Nµ
Z = ū (k4)

(
a
(0)
1 γµ + a

(0)
2 γµγ5

)
v (k3) ,

NH = g
(0)
Hbb ū (k6) v (k5)

(29)

in the lowest order and

δNµ
Z = ū (k4) (δa1γ

µ + δa2γ
µγ5) v (k3) ,

δNH = δgHbb ū (k6) v (k5)
(30)

in the one-loop and higher orders. Let us note that the
invariant amplitudes δa1, δa2 and δgHbb contain the QED
correction factors, which include the hard photon emission.
We have neglected the so-called longitudinal part of the
Z-boson propagator proportional to pµ

34p
ν
34 in (27) and

(28). Keeping this part would lead to some ambiguity, as
the propagator couples to the final-state currents Nµ

Z and
δNµ

Z which are parameterized in terms of the projected
momenta k3 and k4. The neglected term is of the order of
mµ, which is consistent with neglecting the O(mµ) terms
in calculation of the one-loop EW decay amplitudes δa1
and δa2 of (30).

The invariant amplitudes of (28)1

δAi = δAi(s, cos θ) , Aji = Aji(s, cos θ) ,

i = 1, 2 , j = 3, 4 , (31)

represent the IR finite parts of the EW one-loop correction
to the on-shell Z–Higgs production process (1). They are
complex functions of s = (p1 + p2)2 and cos θ, where θ
is the Higgs-boson production angle with respect to the
initial positron beam in the centre-of-mass system (CMS),
computed with the program eezh4f. The latter makes use
of the program worked out in [18] and the package FF
2.0. The package FF written by G.J. van Oldenborgh al-
lows the evaluation of one-loop integrals [25]. Note that
we have changed the notation a little in (28) with respect
to that of (2.5) of [18]. The IR finite contributions to the
EW one-loop form factors of the Zll-vertex δa1, δa1 and
the correction δgHbb of the Hbb̄-vertex of (30) are also
calculated numerically following [21] and [22].

As the computation of the one-loop electroweak ampli-
tudes of (31) slows down the MC integration substantially,
a simple interpolation routine has been written that sam-
ples the amplitudes at a few hundred values of cos θ and
the amplitudes for all intermediate values of cos θ are then
obtained by linear interpolation. This gives a tremendous
gain in the speed of computation, while there is practi-
cally no difference between the results obtained with the
interpolation routine and without it.

1 Only amplitudes that do not vanish in the limit me → 0
are included.

We end this section with a description of the projection
procedure we have applied in the program. The projected
momenta kZ and ki, of (28), (29) and (30) are obtained
from the four-momenta pi, i = 3, . . . , 6, of the final-state
fermions of reaction (4) with the following projection pro-
cedure.

First the on-shell momenta and energies of the Higgs
and Z boson in the CMS are fixed by

|kH | =
λ

1
2
(
s, m2

Z , m2
H

)
2s

1
2

, kH = |kH | p5 + p6

|p5 + p6| ,

EH =
(
k2

H + m2
H

) 1
2 , kZ = −kH ,

EZ =
√

s − EH .

(32)

Next the four-momenta p5 and p3 of reaction (4) are boosted
to the rest frame of the bb̄- and µ+µ−-pairs, respectively,
where they are denoted by p′

5 and p′
3. The projected four-

momenta k′
i, i = 5, 6, in the rest frame of the bb̄-pair are

then obtained by the kinematical relations

|k′
5| =

λ
1
2
(
m2

H , m2
5, m

2
6
)

2mH
, k′

5 = |k′
5| p′

5

|p′
5| ,

k′
6 = −k′

5 ,

E′
i =

(
k′2

i + m2
i

) 1
2 , i = 5, 6 .

(33)

Similarly, one obtains k′
3 and k′

4 in the rest frame of the
µ+µ−-pair using

|k′
3| =

λ
1
2
(
m2

Z , m2
3, m

2
4
)

2mZ
, k′

3 = |k′
3| p′

3

|p′
3| ,

k′
4 = −k′

3 ,

E′
i =

(
k′2

i + m2
i

) 1
2 , i = 3, 4 .

(34)

The four-momenta k′
i, i = 3, . . . , 6, are then boosted

back to the CMS, giving the projected four-momenta ki,
i = 3, . . . , 6 of µ+, µ−, b̄ and b that satisfy the necessary
on-shell relations

k2
3 = k2

4 = m2
µ , k2

5 = k2
6 = m2

b ,

(k3 + k4)2 = m2
Z , (k5 + k6)2 = m2

H .

The actual value of cos θ in (31) is given by cos θ = k3
H/|kH |.

The described projection procedure is not unique. As the
Higgs-boson width is small, the ambiguity between the dif-
ferent possible projections is mainly related to the off-shell
nature of the Z boson and is of the order of αΓZ/(πmZ).

3 Numerical results

In this section, we will present a sample of numerical re-
sults for reaction (4) which have been obtained with the
current version of the program eezh4f. Computations have
been performed in the FWS with the Z boson mass, Fermi
coupling and fine-structure constant in the Thomson limit
as the initial SM EW physical parameters [26]:
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Fig. 3. The signal total cross section of reaction (4) in the NWA as a function of the CMS energy. The plots on the left show
the Born cross section of (39) (solid line), the cross section of (40) (dashed line) and the cross section including all corrections
as given by (42) (dotted line). The plot on the right shows the full relative correction with respect to the Born cross section

mZ = 91.1876 GeV , Gµ = 1.16639 × 10−5 GeV−2 ,

α0 = 1/137.03599976 . (35)

The external particle masses of reaction (4) are the follow-
ing:

me = 0.510998902 MeV , mµ = 105.658357 MeV ,

mb = 4.4 GeV . (36)

For definiteness, we give also values of the other fermion
masses used in the computation:

mτ = 1.77699 GeV , mc = 1.5 GeV ,

mt = 177.7 GeV , mu = 62 MeV ,

md = 83 MeV , ms = 215 MeV .

(37)

The light-quark masses of (37), together with αs =
0.123, reproduce the hadronic contribution to the running
of the fine-structure constant.

Assuming a specific value of the Higgs-boson mass, the
W -boson mass and the total Z-boson width are calculated
in a subroutine based on [21], while the total Higgs-boson
width is calculated with HDECAY [22]. We obtain the follow-
ing values for them for mH = 115 GeV and the parameters
specified in (35)–(37)

mW = 80.40844 GeV , ΓZ = 2.50393 GeV ,

ΓH = 2.8542 MeV . (38)

The total signal cross section of (4) in the narrow width
approximation (NWA) is plotted on the left-hand side of
Fig. 3 as a function of the CMS energy. The solid curve
shows the Born cross section

σNWA
Born = σ

(0)
e+e−→ZH

Γ
(0)
Z→µ+µ−

ΓZ

Γ
(0)
H→bb̄

ΓH
. (39)

The dashed curve shows the cross section including the
correction due to running of the b-quark mass

σNWA
Born+running mb

= σ
(0)
e+e−→ZH

Γ
(0)
Z→µ+µ−

ΓZ

Γ r.m.
H→bb̄

ΓH
. (40)

Finally, the dotted curve shows the cross section including
the complete EW corrections to the Z–Higgs production
and to the Z-boson decay width, as well as the QCD and
EW corrections to the Higgs-boson decay width obtained
with HDECAY and the ISR. The latter has been taken into
account in the structure function approach by folding the
cross section

d σNWA = d σe+e−→ ZH

ΓZ→µ+µ−

ΓZ

ΓH→bb̄

ΓH
(41)

with the structure function ΓLL
ee

(
x, Q2

)
and integrating it

over the full angular range according to

σNWA
Born+all correc. =

∫ 1

0
dx1

∫ 1

0
dx2Γ

LL
ee

(
x1, Q

2)ΓLL
ee

(
x2, Q

2)

×
∫ 1

−1
d cos θ

dσNWA

d cos θ
(x1p1, x2p2) , (42)

where x1p1 (x2p2) is the four-momentum of the positron
(electron) after emission of a collinear photon. The struc-
ture function ΓLL

ee

(
x, Q2

)
is given by (67) of [27], with

BETA chosen for non-leading terms. The splitting scale Q2,
which is not fixed in the LL approximation is chosen to be
equal s = (p1 + p2)2. The corresponding complete relative
correction is plotted on the right-hand side of Fig. 3. It
is large and dominated by the correction to the Higgs–bb̄
Yukawa coupling caused by the running of mb.

How the background Feynman diagram contribution
and off-shell effects change the Higgsstrahlung signal cross
section is illustrated in Fig. 4, where on the left (right) side
we plot the total Born cross section of reaction (4) as a
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Fig. 4. The total Born cross section of reaction (4) as a function of the CMS energy in the energy range 120–1000 GeV (left)
and 190–300 GeV (right) for different values of mH
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Fig. 5. The total cross section of reaction (4) as a function of the CMS energy for different values of mH . The plots on the
left include the correction δgr.m.

Hbb̄ to the Higgs–bb̄ Yukawa coupling caused by the running of the b-quark mass. The plots on the
right include all the corrections of (6)

function of the CMS energy in the energy range 0.12–1 TeV
(0.19–0.3 TeV) for a few different values of mH . The Z–
Higgs production signal that is clearly visible in Fig. 4 as
a rise in the plots above the solid line, which represents
the cross section of reaction (4) without the Higgs-boson
exchange contribution, decreases while the Higgs mass is
growing. For mH = 150 GeV, it is already rather small,
while it is hardly visible for mH = 160 GeV. This effect
is caused by the substantial growth of the total Higgs-
boson width ΓH with the growth of the Higgs-boson mass
mH . The latter results in a decrease of the branching ratio
ΓH→bb̄/ΓH , as with growing mH the Higgs decay into a
W -boson pair starts to dominate. The first bump in the
plots on the left-hand side of Fig. 4 reflects the double-Z
production resonance.

The total cross sections of reaction (4) including radia-
tive corrections are plotted in Fig. 5 as functions of the CMS

energy in the range 190–300 GeV for a few selected values
of the Higgs-boson mass. The plots on the left include the
correction δgr.m.

Hbb̄
to the Higgs–bb̄ Yukawa coupling caused

by the running of the b-quark mass, i.e., they depict the
first integral on the right-hand side of (6). The correction is
large and reduces the Higgsstrahlung signal substantially
compared to the plots on the right-hand sight of Fig. 4.
The plots on the right-hand side of Fig. 5 include all the
corrections, as defined in (6). Compared to the correspond-
ing plots on the left, they are shifted upwards with respect
to the solid curve representing the Born cross section of
reaction (4) without the Higgs-boson contribution. This
is caused by taking into account the contribution from
the initial-state bremsstrahlung with the hard-photon mo-
mentum integrated over the full phase space. As expected,
inclusion of the ISR smears the Z–Higgs production signal.
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Fig. 6. The total cross section of reaction (4) for mH = 115 GeV (left) and mH = 130 GeV (right) including all the corrections
(dashed–dotted line) as compared to the cross section including the QED ISR corrections and the correction due to the running
of mb, corresponding to the first three terms on the right-hand side of (6), (short dashed line). The plots of the Born cross
section of reaction (4) without the Higgs-boson exchange (solid line) and the cross section of (4) including solely the correction
due to the running of mb (dotted line) are also shown

The size of EW corrections corresponding to the fourth
term on the right-hand side of (6) can be read from Fig. 6,
where the total cross section of reaction (4) for mH =
115 GeV (left) and mH = 130 GeV (right) including all
the corrections (dashed–dotted line) and the cross sec-
tion including the QED ISR corrections and the correction
due to the running of mb, corresponding to the first three
terms on the right-hand side of (6), (short dashed line) are
compared. The plots of the Born cross section of reaction
(4) without the Higgs-boson exchange (solid line) and the
cross section of (4) including solely the correction due to
the running of mb are also shown.

4 Summary and outlook

We have presented the SM predictions for a four-fermion
reaction (4), which is one of the best detection channels
of a low-mass Higgs boson produced through the Higgs-
strahlung mechanism at a linear collider. We have included
leading virtual and real QED ISR corrections to all the
lowest-order Feynman diagrams of reaction (4). We have
modified the lowest-order Higgs–bb̄ Yukawa coupling in re-
actions (4) and (5) by including in it the correction to
the Higgs-boson decay width caused by the running of the
b-quark mass, which can be calculated with the program
HDECAY. The complete O(α) EW corrections to the Z–
Higgs production and to the Z decay width, as well as
the EW and remaining QCD corrections of HDECAY, have
been taken into account in the double pole approxima-
tion. Moreover, we have illustrated how the Higgs-boson
production signal is visible in the CMS dependence of the
total cross section of reaction (4) for low Higgs masses and
how it almost disappears as the Higgs mass approaches the
W -pair decay threshold.

Some further work is required to include the non-factor-
izable corrections to reaction (4). Although, by comparison

to the related process of ZZ production [23,24], one might
expect that the non-factorizable corrections may largely
cancel each other in the total cross section and may also
be numerically suppressed in differential cross sections in-
tegrated over the decay angles for reaction (4), they should
be included in the program to take into account properly
the radiative corrections due to final-state real-photon ra-
diation which, in the present work, have been included
inclusively only in the EW one-loop corrections to the Z
and Higgs-boson decay widths. To avoid possible negative-
weight events which may occur in the MC simulation one
should exponentiate the IR sensitive terms.
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